
Volume 63A, number3 PHYSICSLETTERS 14 November1977

EFFECT OF GRAVITON CREATION IN ISOTROPICALLY EXPANDING UNIVERSES*

B.L. HU’
Institutefor SpaceStudies,NASA,New York,NewYork 10025, USA

and

LeonardPARKER
DepartmentofPhysics,Universityof Wisconsin-Milwaukee,Milwaukee,Wisconsin53201, USA

Received16 August 1977

Gravitoncreationin a Robertson-Walkeruniverseis calculatedusinga renormalizedenergy-momentumtensor.If
thebackgroundmatterhasanequationof statep ‘~‘p,thenfor ~‘ > ~, gravitonenergycreatednearthe Plancktime
tp canalter theexpansionto a — t

112 in � lO2tp.

Particle creationby the gravitationalfield in differ- waveequationin r-time (definedby dt = Vdr with
entcosmologicalbackgroundshasbeenconsideredby V~a3),
variousauthors[1—13].Near the Plancktime t 2

43 . . . h k(T) + ~k (r)hk(r) = 0, (3)
1O~ sec it is a powerful mechanismthat couldhave
stronglyinfluencedthestateof theearlyuniverse, where ‘~ d/dr and~2k= V~~kwith wk = k/a. This
Herewe investigatetheeffect of gravitonscreatedby equationis of thesameform asthat of a massless
theexpansionnear t~,in a Friedmannuniversecontain- scalarwave minimally coupledto a flat RW back-
ing backgroundmatterwith equationof statePm = ground.The solution to the wave equation(3) canbe
YPm written in the form (the subscriptk on hk will be

Graviton creation.Gravitationalwaveperturbations droppedhereafter)
h~’(x,t) in a flat isotropicuniversewith Robertson-
Walker (RW) metric [Il = c = G = 1] h(r) ~ e +—~-—e~ e~= exp(±ir &2 dr)

-

= dt2 — a2(t)(dx
1

2+ dx
2

2 + ~32) (1) - (4)
where~ and13 arecomplexfunctionsof r. The

obeythe Lifshitz equation(herethe synchronouscon- Wronskianconditionguaranteesthat cr12 — 11312 = 1.
dition = 0 andtransverse,tracelessconditionsare The quantitys = 1313* = ~(~2lh12 + ~~l—1lh’ 12) gives a
imposed[14]), measureof theparametricamplificationof the wave,

• a 1 correspondingto quantummechanicalparticleproduc-
h~J(x,t) + 3—h~/(x,t) —-—i- z~h~l(x,t) = 0 , tion. Nearthesingularity, for small t or low w,

a If~&•~dri ~ 1, the suddenapproximationto thewave

(ii = 1 2 3) (2) equation(3) yields [4 (1971)]

where• d/dtand~ is theLaplace-Beltramioperator s — IC
1 i

2c~+ IC
2 I

2/~l— (5)
on a constantt hypersurface,with eigenvaluesk and whereC

1 andC2 are complexconstantssatisfying
eigenfunctionsGO~)~J(x).Eachcomponenthk(t)of Cj’C2 + C1C~= 1/2.
thewave h11(x,t) = f d

3k hk(t)G(k)
1J(x), obeysthe Regularizedenergy-momentumtensor. Gravitation-

al waveperturbationson themetric of eq. (1) canbe
* . describedby two independentscalarwavescorrespond-Work supportedin part by theNational ScienceFoundation

[PHY77-07111 andPHY76-08551]. ing to the two polarizationsof the gravitationalwave,
Presentaddress:Departmentof Physics,Universityof eachof which obeyseq.(2), andcanbe quantizedin

California,SantaBarbara,California93106,USA. the sameway as a minimally coupledscalarfield [15].
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The effectiveenergy-momentumtensorT,~of these densityp consistsof two parts,a quantumterm and
quantizedgravitationalwavesis takento be the sum a classicalremnantP The first part~ is the contribu-
of the energy-momentumtensorscorrespondingto tion to eq.(7) of all modesk satisfyingthe condition
thosetwo minimally coupledscalarfields. In a semi- w ~ = l/t. Thoseare themodesin which quantum
classicaltheory in which thebackgroundmetricis effects suchasgraviton creationandvacuumpolariza-
treatedclassically,the energydensityp andpressurep tion are significant.The secondpart p~is thecontribu-
of the gravitonsare given as quantumexpectation tion of the higher frequencymodes,which will be
valuesp = (T0

0), p’5,’ = —(T~J).The statevectoris treatedclassically,andconsistsof the remnantof the
chosensuchthatno quantacorrespondingto wavesof gravitonscreatedin thosemodesk at earlier times
the form (4) are present.(Completespecificationof when theywerein thequantumregime.The quantum
the statevectorstill requiresa choiceof initial condi- contribution is found by integratingeq.(7) over all
tionson cr and13.) Thenone finds that [6] k with k= IkI <km = a/f, usingthe approximationof

eq. (5). One finds
~ (To0) (l6ui)_1(2ir)_3 fd3kp

0k, (6) ~ = ~[km
4 (~aO)2 /cm2 (a)2]

wherep
0 = Ihk(t)1

2+ C~.)k2(t)Ihk(t)I2= V—2~2(1+2s). 128ir3 2a’1 a
0 a a

2 a
As is well-known from flat spacequantumtheory, this 1 ~2 sinh2x 1 1

integralis divergentin thehighfrequencyendof the = 3 [—4 — —i. ~)] , (8)
spectrum,andsomekind of renormalizationis neces- I 28it t t

sary to yield a physicallymeaningfulenergydensity. wherex = ln(a/a
0).The expressionfor Pq doesnot

We expectour resultsto be insensitiveto the renor- vanish at t0 becauseof the higherorder subtraction
malizationmethod.By meansof adiabaticregulariza- involving (a/a)

2.That term is only significant for an
tion [6], one obtainsthe finite energydensity intervalof less than0.1 t~after t

0, andhasnegligible
influenceon thetime for graviton creationto alter the

Preg= (l28ir
4)~J’d3k [p

0(k) — pdiv(k)] , (7) expansionto a

h The classicalremnantof createdgravitonsbehaves
w ere like a relativistic fluid. Its energydensityp~at time t
pdiv(k) = a

4 [k + á2(2k)~+A(8k3)’] is givenby thesumof all previousincrements
and öPc(km(t’), t’) at earlier times t’ <t, arising from the

4 2 2 . changeof km(t’) with time,andbeingred-shiftedby
A = a [(a/a) — 2(a/a)(a/a) — 2(a/a)(a/a)+ 3(a/a) ~ a factor [a(t’)/a(t)]4. Thus,the energydensityof the
If one restrictsoneselfto the confinesof Einstein’s classicalremnantof all previouslycreatedgravitonsis
theorywith only a linear curvaturetermin the gravi-

t ‘ a k (~‘\ t’~ ~k ‘t’~
tational Lagrangian,thenit will not be compatibleto (t) = c I~JI — Pq’. m’~ )‘ J m’~ ‘
includesubtractions,like thoseinvolvingA, which are ~ J [a(t)J [ akm -Ja at’
higher thansecondorder.(However,if sucha term 0 (9)
wereincluded,it might give rise to avoidanceof the wherethesubscripta on apq/akmindicatesthata(t’)
singularity[17], or othereffects.) is kept fixed duringdifferentiation.Onecanwrite

Reactionon thebackground.Nearthe singularity, p~(t)in theform
or at low frequencies,s canbe approximatedby eq. ~ (t) = (l6~3)—1(a/a(t))4F(t) (10)
(5). As our purposeis to investigatethebackreaction C 0

of createdgravitons,we chooseC
1 andC2 suchthat whereF(t) canbe found by integrationof (9) if a(t’)

the quantityp0(k) — V
2~TZ(proportionalto the is given.

energydensityin modek with theusualvacuum For a Robertson-Walkerbackgroundcontaininga
energysubtracted)will vanish at the initial time t

0. fluid with equationof statePm = ‘YPm (0 ~ ~ 1),
Thus,we takeIC1 12 = (4~o)_1,IC2 2 = ~ where whichis not interactingwith the createdgravitons,

= a0
2k,which correspondsto theinitial condition theconservationlaw T’2~.V= 0 yields

= 0 at t
0. At a given time t, thegraviton energy

218



Volume63A, number3 PHYSICSLETTERS 14 November1977

Pm = POm(V/V0)~’~~. (11)
1o510t —*

0

gravitonenergy densityPg = Pq + to thematterTo find theeffect of gravitoncreation,oneaddsthe ~. 12/3) /

sourcePm’ andsolvesthe Einsteinequation

3(à/a)
2 = 87T(Pm + Pg)~ (12)

With p~(t)given as a functionalof a(t), the above

5 //

stantafter that time. Therefore,one only needsa(t)equationbecomesan integro-differentialequation.However,the integrandof eq. (9) will becomesmall
after a short time interval, so thatp~a4becomescon-at early times (t ~ I) to find p~(t).BecausePm + Pg

Pm for t ~ 1, we approximatea(t) for t ~ 1 as the _______________________________________________
10 5 20 25solution of the Einsteinequationwith Pg neglected 2 0

relativeto Pm;namelya = a
0(t/t0)

0,with a=

2[3(y + 1)] 1~[In this caseP0m = 3a2/(8irt
0

2).] Fig. 1. Relativeradiusx = ln(a/ao)versustime ln t for a RW

Thus,substitutingP~from eq.(8) anda = a
0(t/t0)° universewith gravitoncreation.The‘y = 0.2 solutionstartsat

in eq. (9), one finds that t0 = 0.192 andremainFriedmannianall alongwith a slope
[~

2/(3(’y + 1))] = 5/9 (shownin parentheses)while the ~ = 1
solutionstartsat t

0 0.115with o 1/3 but turns into a

F(x) — 1 re2(3—2/n)x — 1 + e
2(l_2/0)x — = 1/2 solutionmt

0 2 (unit of time is thePlancktime3cr— a—2 tp=5.4X 10~
4sec).

e4(l_l/0)x —1 / a2\1
a — 1 ~ , (13) order subtractiontermin eq.(8) is largelyinsignifi-

cant.The densitiesp~andPq build up to a maximum
wherex = ln(a/a

0).Forthecasea = 2/3, the first term almostinstantaneously,andthen decreaseasa result
is replacedby 2x/a. If the (a/a)

2subtractionwere of theexpansionandthe rapidfall off in production
omitted from Pq~then the factorof (1 + a2/2)would rate [Pq is initially negative(not shown in figures)but
be replacedby 1 in eq. (13). The functionF(x)
becomesconstantafter a short time (exceptfor
a= 2/3, whenit goes as ln(t/t

0)). With Pm’ P~andp~
givenby eqs.(11), (8), (10) and(13), respectively, ____________________________________________

t o 0 5 10
Einstein’sequationbecomes

— / a
2 —2x/cs + sinh2x -20x -~-——e

247r2t4

We havesolved this equationfor x(t) numerically for -40+—~-- e_4xF(x)) /(1+ 1 ) (14)/ 48ir2t2
6ir2

different valuesof ‘y. The initial time t
0 was takenas

the timewhenPm is aboutequal to thePlanckenergy
c
7h’G2 10114erg/cm3,which gives t

0

a(3/8ir)
1/2.The behaviourof a(t) is shownin fig. 1 10 15 20 25

for severalvaluesof ~.

The graviton energydensitydependson the time Fig. 2. in p versusln t for ~ = 0. Pmdominatesfor all t (unit

t
0 whenparticlecreationbegins.In the presentmodels, of energydensityis thePlanckdensity~ = 5 x io’ 14

ast0 is between0.1 and0.2, theeffect of the second erg/cm
3).
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